Abstract: Hydraulic and hydrologic analysis in urban catchments is typically accompanied by a number of uncertainties, such as a lack of required information for modeling purposes or complex loops inside a drainage network. In this article, Gibbs' stochastic network model is utilized in order to achieve a dendritic network that corresponds to a fully looped network in terms of the peak of the runoff hydrograph at the outlet. A synthetic catchment with a drainage network composed of 8 × 8 grids is introduced to investigate the behavior of a fully looped network for a given rainfall event using the Storm Water Management Model. Dendritic networks are generated from the Gibbsian model for a given value of the parameter, β. The results showed that the shape of the hydrograph and the peak flow of a fully looped network are heavily dependent on the catchment slope. Moreover, the results showed that it is possible to find the corresponding dendritic networks generated by the Gibbsian model that match the fully looped network depending on the catchment slope in terms of peak flows. The results of this study imply the potential improvement of drainage network analysis providing a relationship between the catchment slope of a fully looped network and the corresponding dendritic network generated by the Gibbsian model.
Introduction
From a hydraulic and hydrologic engineering point of view, urban drainage problems can be classified into two types: design purpose and prediction purpose for forecasting and operation [1] . While the design purpose problem utilizes hypothetical rainstorms with a relatively simple temporal and spatial distribution of rainfall, more precise and detailed analysis is required for the prediction purpose problem for the operation and management of a system. The Tunnel and Reservoir Plan (TARP) of Chicago in the Unites States is a good example; it requires a precise prediction of the input (runoff hydrograph) to the system in order to operate and manage the entire system for environmental and potential flood risk management purposes [2, 3] .
One of the recent approaches of hydrologic analysis in urban drainage problems is based on the Geomorphologic Instantaneous Unit Hydrograph (GIUH) [4, 5] . Rodriguez et al. [6, 7] suggest a morpho-climatic approach incorporating rainfall intensity in order to obtain the Instantaneous Unit Hydrograph (IUH) in urban catchments. Gironas et al. [8] also developed a morpho-climatic instantaneous unit hydrograph model for urban catchments based on the kinematic wave approximation. Cantone [2] and Cantone and Schmidt [9] developed the Illinois Urban Hydrologic Model (IUHM) based on the Strahler ordering scheme [10] to characterize the flow paths. They demonstrated the performance of the model in terms of predicting the shape, timing, and peak of the direct runoff hydrograph at the outlet of urban sewer systems compared with the widely-accepted model, Storm Water Management Model (SWMM); they also compared their results with observed flow hydrographs. The advantage of these approaches compared with an explicitly distributed modeling approach is that the model is applicable even in the case of data unavailability in some parts of the catchment.
In spite of the efforts of model development based on GIUH and the resulting accuracy and precision of the model prediction, one of the disadvantages of models based on GIUH is that they are not capable of analyzing a network that contains a loop; they are only applicable to a dendritic network. The fundamental idea of models based on GIUH that characterizes the flow path by the Strahler ordering scheme is only applicable to dendritic networks. Moreover, in an older city such as Chicago, it can sometimes be difficult to acquire network information such as slopes, roughness, and invert elevations of conduits required by a hydraulic model [3] , thus limiting the application of the models regardless of the performances.
Recently, stochastic methodologies and algorithms are being introduced to urban drainage networks for the purpose of incomplete network delineations [11] , an optimized design of sewer systems [12] , and also for water supply networks [13] . Bailly et al. [11] reconstructed an entire drainage network of a cultivated landscape from disconnected reaches of the network using a spatial stochastic algorithm that satisfies two objectives about the cumulative network length and number of reconnected edges. The reconstructed networks are directed tree graphs, i.e., dendritic networks. For the purpose of generation of layouts for urban drainage systems that should be dendritic, Haghighi [14] proposed a loop-by-loop cutting algorithm, which basically converts a fully looped network into a dendritic network. The objective function reflects the layout cost in terms of the length and concave function of flow rate of each link. However, the objective function related to the total length of the network [11] or the construction cost [14] tends to restrict the resulting dendritic network to an efficient and optimized network.
As Haghighi [14] mentioned, in case of steep areas, drainage networks are typically cost-effective if they were designed based on the topography. However, in flat areas like Chicago, there are not only efficient and optimized networks in terms of drainage time or construction cost, but also inefficient and highly sinuous networks. In addition, it is not a straightforward problem to derive a tree type network from a looped condition. Therefore, this study seeks to obtain a dendritic network that corresponds to a looped network in terms of the shape and peak of hydrographs for a given rainstorm. For this purpose, we used the Gibbsian model [15] , which generates dendritic networks based on Gibbs' measure [16] . The Gibbsian model has one parameter, β, that dictates the overall sinuosity of a network [17] , thus differing from the random walk models, such as the Uniform model [18] [19] [20] [21] , which were based on an assumption of the absence of environmental controls. Therefore, the Gibbsian model enables us to generate efficient networks, as well as inefficient and highly sinuous networks, depending on the parameter values. Seo and Schmidt [22, 23] showed that the network property in urban catchments represented by the parameter (β) of the Gibbsian model shows greater variability compared with that of natural river networks. They also showed that the network property can be a key link that relates the effect of rainstorm movement to the urban drainage network runoff hydrographs. Seo and Schmidt [24] also showed the applicability of the Gibbsian model in urban drainage network that the Gibbsian model can replace the actual drainage network in an urban catchment even though the network has loops inside.
As mentioned earlier, the aim of this study is to identify a dendritic network that corresponds to a looped network in terms of the shape and peak of hydrographs for a given rainstorm. This study is developed from the study of Seo and Schmidt [24] and aims at more detailed and focused study of the behavior of a fully looped network with various urban catchment characteristics such as catchment slope, impervious ratio, as well as rainfall duration. A synthetic catchment with a drainage network composed of 8 × 8 grids is introduced to investigate the behavior of the fully looped network for a given rainfall event using the Storm Water Management Model (SWMM). Dendritic networks are generated from the Gibbsian model for a given value of the parameter, β. However, because the Gibbsian model is a stochastic network model, Monte Carlo simulation, is utilized to obtain representative averaged peak flows. Therefore, the final objective is actually not to find a single dendritic network, but a value of a parameter, β, of the Gibbsian model that corresponds to the fully looped network for a given catchment slope. It should be noted that, basically, the purpose of this study is to demonstrate that an equivalent dendritic network to a fully looped network can be identified.
Methodology
Loops are easily found in urban catchments not just for water supply pipe networks, but also for stormwater drainage pipe networks. Figure 1a shows the Mokdong region in Seoul, South Korea. This area is located on a low and flat ground compared to the high water elevation of the Han River that crosses Seoul, and hence, it is prone to frequent flooding. The grey areas indicate flooded areas in 2010, and dark grey shows flooded areas in 2011. Most of the drainage network contain loops in this region as shown in Figure 1a . Figure 1b shows the downtown area of City of Chicago in USA. Urban catchments in this area have very flat topography. Drainage networks typically contains loops inside the drainage networks. As mentioned earlier, identifying a dendritic network that corresponds to a drainage network with loops need to be addressed. In flat areas like Chicago, there are not only efficient and optimized networks in terms of drainage time or construction cost, but also inefficient and highly sinuous networks. In addition, it is not a straightforward problem to derive a tree type network from a looped condition [14] . In this regard, this study introduced a square synthetic network that is fully looped. The Gibbsian model [15] is also introduced to generate dendritic networks with different degrees of sinuosity. 
Synthetic Catchment and the Behavior of a Fully Looped Network
In this study, a synthetic rectangular catchment is introduced with an outlet at the bottom rightmost corner in order to investigate the behavior of a fully looped network ( Figure 2 ). The catchment is composed of 8 × 8 grids. The grid size is 500 m and each grid is connected by circular conduits with a single diameter of 6 m to avoid the surcharge condition. The catchment is assumed to have a uniform catchment slope; the bottom rightmost corner (outlet) is the lowest point in the catchment. Dendritic networks that correspond to this fully looped network in terms of the peak flow depending on the catchment slope are generated by the Gibbsian model. The sinuosity of the Gibbsian network is controlled by the value of β as shown in Figure 2 . The channel width of the Gibbsian model in Figure 2 represents the maximum value of the width function. To generate a dendritic network with the Gibbsian model, a Markov chain is defined with the spanning trees of S as the state space. Let a tree s belong to S and two trees s1 and s2 be adjacent. The transition probability from s1 to s2 can then be defined as follows [15] : 
where N(s1) is the set of trees adjacent to s1, and β is a parameter that represents the extent to which the sinuosity of the network is reflected in the generation of the new spanning tree, s2. For example, when β is equal to zero, the overall sinuosity of a network has no relationship to the transition probability and the transition probabilities are the same in all possible directions, which is identical to the uniform distribution. The maximum degree of the points in S, r, is defined as [15] ,
The degree, r refers to the maximum number of directions that can be selected, except the existing direction. H(s) is a measure of the sinuosity of a given spanning tree, s [15] , ( )
where s is a spanning tree, d is a point of a finite and connected graph B, and D(B) is the set of the total points of B. ξs is the distance to an outlet along s from v, while ξB is the shortest distance to the outlet from d. The actual process to generate a network with the Gibbsian model is as follows. First, start from a network, s1, generated by the Uniform model and randomly select a point, v, in the network and assign a new flow direction from v to generate the adjacent network s2. Second, check whether the new network, s2 is acyclic. If not, repeat the first step. Third, draw a random probability x between zero and one and check that x is greater than e
where ΔH is equal to H(s2)-H(s1). If this holds, then take s2 as a new network. In the next step, use s2 as the starting network and repeat these steps a sufficient number of times until the resulting tree has a distribution close to the stationary Gibbs' distribution. The Uniform model [20, 21] is defined on a lattice with flow allowed in each of the four possible directions with equal probability; hence, it tends to have high sinuosity. The uniform model is equivalent to the Gibbsian model with β equal to zero. Figure 2 shows a fully looped network and also dendritic networks on the same grids generated by the Gibbsian model depending on the value of β, where a smaller β produces a more sinuous network compared with a larger β. 
SWMM and Rainfall-Runoff Model Runs
Due to the nature of the Gibbsian model, which is a stochastic network model, Monte Carlo Simulation is utilized to obtain representative averaged peak flows. Therefore, in order to find dendritic networks that correspond to a fully looped network for a given catchment slope, 100 networks are generated by the Gibbsian model for a given β. Then, for each catchment slope, the shape and the peak flow of the dendritic network are tested to compare with the fully looped network. In this study, the Storm Water Management Model (SWMM) is utilized to obtain the runoff hydrograph at the outlet of the catchment for a given rainstorm. SWMM is a widely-accepted model for drainage network analysis. The dynamic wave module built in SWMM is the Extended Transport (EXTRAN) block [25, 26] that solves the flow sewer by sewer by the one-sweep explicit method without the need for a simultaneous solution of the sewers of the network [1] .
A SWMM model was constructed with a subcatchment, the area of which is 50 ha and catchment width is 500 m. The number of subcatchments is 64 (8 × 8) . All subcatchments have the same area, width and catchment slope (0.5%) as well as the ratio of impervious area (25%). The roughness of impervious area was set to 0.01 s/m 1/3 , and the roughness of pervious area was set to 0.1 s/m 1/3 . The invert elevation at the outlet of the drainage network is set to zero and invert elevations of other junctions were determined based on the catchment slope and the distance from the outlet. The conduits have the same length, 500 m and the maximum depth was set to 6 m. The layout of the drainage network of the SWMM model was built depending on the Gibbsian model generated for a given value of β. The duration of the rainfall is fixed to one hour and the rainfall intensities from 4 to 30 mm were tested. In terms of the infiltration model, Horton's method was used with the same parameter values for all subcatchments. Obviously, model section and spatial variation of parameter values for the nonlinear infiltration process can affect the results of this study and finding equivalent dendritic networks for a fully looped network. We left this for a future study because the original intention of this study is focusing on the possibility of finding an equivalent dendritic network for a fully looped network.
Results and Discussion

Behavior of the Fully Looped Drainage Network and a Corresponding Dendritic Network
In this study, we first focused on the catchment slope. The behavior of a fully looped network is heavily dependent on the catchment slope (Sc). Figure 3 shows the direct runoff hydrographs of the fully looped network (Figure 2 ) depending on slope for a 1 hour storm with hourly rainfall intensity of 15 mm. As shown in Figure 3a , the peak flow of the hydrograph sharply decreases as the catchment slope decreases. Figure 3b shows the peak flows of the fully-looped network as a function of the catchment slope. The result shows that a transition exists in the relation between the catchment slope and the peak flows of a fully looped network as shown in Figure 3b ; the relation between the catchment slope and peak flows is logarithmic but the slope of peak flow with respect to the catchment slope changes near the catchment slope of 9 × 10 . The behavior of a fully looped network that depends on the catchment slope implies a possibility that it can be approximated by a corresponding dendritic network for a given catchment slope. Figure 4 compares the hydrographs from a fully looped drainage network (Figure 2 ) and dendritic networks . The results clearly show that the shape of the hydrograph from a fully looped network is close to the shapes of the hydrographs from dendritic networks, which are generated by the Gibbsian model depending on the catchment slope. For example, when the catchment slope is relatively steep (4 × 10 −4 ), the hydrograph of the fully looped network is close to that of the dendritic network with higher β (10°). In contrast, when the catchment slope is relatively mild (S = 4 × 10
), the hydrograph of the fully looped network coincides with the dendritic network with smaller β (10
−4
). The behavior of the fully looped network implies that it is possible to make a pair of dendritic networks generated by the Gibbsian model and the fully looped network depending on the catchment slope. Although it is possible to identify a dendritic network (the value of β) that behaves like a fully looped network, the relation changes as the catchment slope changes. Figure 5 shows the behavior of the peak flow of a fully looped network and dendritic networks generated by the Gibbsian model for various catchment slopes. The result shows clearly that the behavior of the fully looped network in terms of the peak flow can be simulated by the corresponding dendritic networks, and is represented by β; the parameter of the Gibbsian model. Figure 5a shows that when the catchment slope is in the order of 4 × 10
, the peak flow of the fully looped network is close to the dendritic networks generated by the Gibbsian model with β equal to 10 −4
. In contrast, when the catchment slope becomes higher (4 × 10
), the closest dendritic network is generated with β higher than 10 1 (Figure 5d ). Figure 5 shows that the corresponding dendritic network changes as the catchment slope changes. Table 1 lists the peak flows of the fully looped network and the dendritic networks generated by the Gibbsian model depending on slope and β. The results clearly show that β of the corresponding equivalent network to the fully looped network (Qp/Qp,l = 1) increases as the catchment slope increases ( Figure 6 ). Figure 7 shows how the corresponding dendritic network (the Gibbsian model with β) changes as the catchment slope and the rainfall intensity changes. For example, the bottom left most circle indicates that, when the rainfall intensity is 30 mm/h and the catchment slope is equal to 2.93 × 10 (rainfall intensity = 15 mm/h). Table 1 . Averaged peak flow ratio (Qp/Qp,l) of dendritic drainage networks generated with the Gibbsian model to the fully looped network depending on the catchment slope (rainfall intensity = 15 mm/h).
Catchment Slope
Gibbs Model (β) 10 Figure 6 . Averaged peak flow ratio (Qp/Qp,l) of dendritic drainage networks generated with the Gibbsian model to the fully looped network depending on the catchment slope (rainfall intensity = 15 mm/h). The results show that the relation between the value of β of the corresponding dendritic network generated by the Gibbsian model and the catchment slope is dependent on the rainfall intensities. The results also indicate that the relation between β and the catchment slope can be represented by a two-step exponential relationship; one relationship for β less than 10 −1 , the other relationship for β greater than 10 −1 regardless of the rainfall intensities (Table 2 ). Figure 8 depicts the corresponding Gibbsian models (β) to a fully looped network depending on the catchment slope and rainfall intensity. As mentioned earlier, rainfall intensity is another factor affecting results: the corresponding dendritic network changes as rainfall intensity varies. However, as shown in Figure 8 , the corresponding Gibbsian model (value of β) converges as rainfall intensity increases. The result also shows that the convergence exists for smaller rainfall intensity when the catchment slope is smaller. Table 2 . Two-step regression equation between catchment slopes (Sc) and the Gibbsian model (β) (rainfall intensity = 15 mm/h). . Corresponding Gibbsian models (β) to a fully looped network depending on the catchment slope and rainfall intensity.
Effect of the Catchment Imperviousness Ratio and Rainfall Duration on the Equivalence
It is necessary to perform a wider sensitivity analysis to show whether the association between a fully looped network and a dendritic network still holds for different conditions for rainfall duration, catchment properties, and, consequently, modeling parameters of SWMM. In this regard, we tested different catchment imperviousness ratios and evaluate the effect in terms of the equivalence. To test the effect of imperviousness ratio and temporal rainfall variation at the same time, we included various cases of rainfall variation (Table 3 ) and repeated the same step previously described to uncover the equivalent dendritic networks in terms of the Gibbsian parameter, β. In this case, we limit the fully looped network case to one with a catchment slope of 10 . Also, as shown in Table 3 , the total rainfall amount falling on the test catchment is the same as 15 mm. Figure 9 depicts the equivalent Gibbsian networks depending on test cases and the catchment imperviousness ratio (rimperv). The result is interesting in that compared with the previous results with rimperv equal to 25%, the equivalent Gibbsian network shows high sensitivity to catchment imperviousness ratio. In contrast, rainfall duration shows little difference in terms of equivalent networks, which is dissimilar to the results from rainfall intensity (Figure 8) . The results indicate the equivalence still can be found and the association between a fully looped network and a dendritic network can be established in different rainfall durations and imperviousness ratios. However, the equivalence can be greatly affected by the rainfall intensity and catchment characteristics.
To continue the discussion of the disadvantage of the modeling approach based on the GIUH, as outlined in the introduction section, the results of this study imply an alternative which validates the GIUH modeling approach for a drainage network that even contains loops. This study illustrates a possibility to find dendritic networks that correspond to a fully looped network in terms of the shape of the hydrograph as well as the peak flow depending on the catchment slope; this means that the modeling approach based on the GIUH in urban catchment is applicable regardless of the loops it contains. In addition, this study shows that regardless of the rainfall intensities, it is possible to obtain a two-step exponential relationship between the dendritic networks (β) and the catchment slope for two intervals; one relationship for β less than 10 −1 , the other relationship for β greater than 10
. This relationship can be explicitly utilized to obtain the value of β depending on the catchment slopes. Figure 9 . Corresponding Gibbsian models (β) to a fully looped network (Sc = 10 −4 ) depending on the imperviousness ratio and temporal rainfall variation.
The original purpose of this study was to identify an equivalent dendritic network that approximates hydrologic response of a network including loops inside it. In this regard, Figure 10 compares the hydrographs obtained using the GIUH for a dendritic networks generated by the Gibbsian model with those from a fully looped network given a catchment slopes. Figure 10a shows that when the catchment slope is relatively steep (4 × 10 ), which is consistent regardless of the model (GIUH or SWMM). The behavior of the fully looped network implies that it is possible to set a pair of dendritic networks generated by the Gibbsian model and the fully looped network depending on the catchment slope. Seo and Schmidt [22] showed that the network property in urban catchments represented by the parameter (β) of the Gibbsian model shows greater variability compared with that of natural river networks, of which β is typically greater than 10°.
Conversely, it can be inferred that the Gibbsian model is appropriate to represent the network properties of the drainage network in urban catchments compared to other stochastic network models, such as the Scheidegger model [18, 19] and Uniform model [20, 21] . Combined with the results from Seo and Schmidt [22] [23] [24] , this study strongly suggests the application of the Gibbsian model to a hydrologic modeling approach in urban catchments, especially in the case of data unavailability. Figure 10 . Comparison of the flow hydrographs from a fully looped network using Storm Water Management Model (SWMM) and a dendritic networks generated by the Gibbsian model using Geomorphologic Instantaneous Unit Hydrograph (GIUH) and SWMM (rainfall intensity = 15 mm/h).
Conclusions
In spite of hydraulic and hydrologic modelling development and progress in urban catchments, data availability is often an important issue. Especially in older cities, it can require expensive and time-consuming processes to obtain sufficient information for modelling purposes. Moreover, combined with data unavailability, the complex loops inside drainage networks render the modelling even more difficult. Stochastic and probabilistic approaches are therefore needed in order to deal with uncertainties that arise from the hydraulic and hydrologic modelling in urban catchments. This study attempts to address the possibility of applying a stochastic network model to complement modelling approaches for this purpose. Consequently, this study aims to achieve an equivalent dendritic network that corresponds to a fully looped network in terms of the peak of the runoff hydrograph at the outlet using a stochastic network model, the Gibbsian model. A synthetic catchment with a drainage network composed of 8 × 8 grids is introduced to investigate the behaviour of a fully looped network for a given rainfall event utilizing a widely accepted sewer model, the SWMM. Dendritic networks are generated from the Gibbsian model for a given value of the parameter, β. The results indicate that the shape of the hydrograph and the peak flow of a fully looped network are heavily dependent on the catchment slope. The results also indicate the equivalent dendritic network that corresponds to the fully looped network can be identified depending on the catchment slope. Although the number of cases in this study is small and the study is limited to a synthetic square drainage network, the total runs are up to 52,000 because this study introduced a stochastic network model. This study is the very first study of this topic and, hence, focused on the possibility of identifying an equivalent dendritic network to a fully looped network. Therefore, the authors left the application to a real drainage network for future works containing loops, asymmetry and varying slopes. The study is being extended to practical application on urban drainage networks in Seoul and Chicago. The results of this study showed that, basically, a corresponding dendritic network can be identified for a fully looped network. Therefore this study implies a potential improvement of ungagged urban drainage network analyses, particularly based on the GIUH, providing a relationship between the catchment slope of a fully looped network and the corresponding equivalent dendritic networks generated by the Gibbsian model.
